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MODULI PROBLEM OF HITCHIN PAIRS OVER DELIGNE-MUMFORD STACK
HAO SUN
Abstract. We define the moduli problem of Hitchin pairs over Deligne-Mumford Stack and prove
this moduli problem is represented by a separated and locally finitely presented algebraic space, which
is considered as the moduli space of Hitchin pairs over Deligne-Mumford stack.
1. Introduction
The Hitchin pair was introduced by Hitchin in 1987 [Hit87], which is also known as the Higgs
bundle. Numerous mathematicians made great contributions to the construction of the moduli space
of Hitchin pairs in the past thirty years. After Hitchin’s paper, Niture constructed the moduli space
of semistable Hitchin pairs over smooth curves [Nit91], and Simpson constructed the moduli space
of semistable Hitchin pairs over smooth projective varieties [Sim94]. Combined with the study of
parabolic bundle [MS80], people constructed the moduli space of parabolic Higgs bundle [Yok93]. It
is well-known that the construction of the parabolic bundle comes from the bundle over orbifold. If
we consider the orbifold as stacks (or as a special type of Deligne-Mumford stack), a natural idea is
how to construct the moduli space of Hitchin pairs over Deligne-Mumford stack. In this paper, we
partially answer this question by proving the existence of the moduli space of Hitchin pairs over a
Deligne-Mumford stack.
Let X → S be a separated, locally finitely-presented morphism from a Deligne-Mumford stack X to
an algebraic space S. Let G be a coherent OX -module. Olsson and Starr defined the quotient functor
Q(G/X/S) := Quot(G,X , S) and proved that the quotient functor is represented by an algebraic space
which is separated and locally finitely presented over S [OS03].
Let F be a locally finitely-presented quasi-coherent OX -module in Q(G/X/S), and we fix a line
bundle (locally free sheaf with rank one) L over X , which is considered as the twisted bundle. An
L-twisted Higgs field Φ on the quasi-coherent sheaf F is a homomorphism
Φ : F → F ⊗ L.
An L-twisted Hitchin pair over X is a pair (F ,Φ), where F is a locally finitely-presented quasi-coherent
sheaf over X and Φ is an L-twisted Higgs field. We consider the following moduli problem (functor)
MX ,L,Higgs : (Sch/S)
op → Set
for L-twisted Hitchin pairs over X as follows. For each T ∈ Sch/S, define
MX ,L,Higgs(T ) = {(FT ,ΦT ) | FT ∈ Q(G/X/S)(T ),ΦT : FT → FT ⊗ p
∗
XL},
where pX : X ×S T → X is the natural projection. The main result of this paper is the following
theorem.
Theorem. 2.2 Let X → S be a separated, locally finitely-presented morphism from a Deligne-Mumford
stack X to an algebraic space S. Fix a line bundle L on X . The moduli problem MX ,L,Higgs is
represented by an algebraic space which is separated and locally finitely presented.
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To prove the main result, we use a theorem by Artin in 1968 [Art69, Theorem 5.3] (see Theorem
3.1 in §3). In fact, Olsson and Starr also used this theorem to prove that the quotient functor is
representable by an algebraic space [OS03]. Artin’s theorem is the key point to prove Theorem 2.2.
In §2, we review some basic definitions and properties about Deligne-Mumford stack, define the
moduli problem for Hitchin pairs and state our main result Theorem 2.2. §3 is devoted to the proof
of Theorem 2.2. In §3.1, we review Artin’s theorem [Art69, Theorem 5.3] and give a brief overview of
the proof. In §3.2 and §3.3, we prove the main theorem in this paper. Moreover, we construct a well-
defined deformation and construction for the moduli problem MX ,L,Higgs, which is a generalization
of the infinitesimal deformation of Higgs bundle [BR94].
Acknowledgments. The author would like to thank Georgios Kydonakis and Lutian Zhao for
helpful discussions.
2. Definition and Statement of the Main Result
2.1. Definition. In this section, we review the definition of Deligne-Mumford stack and coherent
sheaves over an algebraic stack. Details can be found in [Ols16]. Let S0 be a scheme, which is
the spectrum of an algebraically closed field. Let Sch/S0 be the category of schemes over S0. Let
f : E → F be a morphism of sheaves on Sch/S0 with respect to the e´tale topology. The morphism f
is representable by schemes if for every S0-scheme T and morphism T → F , the fiber product E ×F T
is a scheme. An algebraic space X over S0 is a functor X : (Sch/S0)
op → Set such that
(1) X is a sheaf with repsect to the e´tale topology.
(2) ∆ : X → X ×S0 X is representable by schemes.
(3) There exists an S0-scheme U and a surjective e´tale morphism U → X .
.
Sheaves on an algebraic space X is defined locally with respect to the e´tale topology of Sch/S0.
Consider a local chart U → X , an e´tale morphism with U a scheme. Let RU = U ×X U , which is a
scheme by the representability of the diagonal morphism. Denote by s, t : RU → U the source and
target map. Let (RU ⇒ U)e´t be the set of pairs (FU , ǫU ), where FU is a sheaf on U and
ǫU : s
∗FU → t
∗FU
is an isomorphism of sheaves on RU . Now let U, V be two schemes, and let
fU : U → X , fV : V → X
be two e´tale morphisms. Let h : U → V be a morphism of schemes such that the following diagram
commutes
U V
X
fU
h
fV
A sheaf F on X consists of a collection of pairs {(FU , ǫU )} for each e´tale morphism fU : U → X along
with isomorphisms ah : FU → h
∗FV , where FU , FV are sheaves over U , V respectively.
A sheaf F is coherent (resp. quasi-coherent, locally free) sheaf if the local data FU is coherent
(resp. quasi-coherent, locally free) for each e´tale morphism U → X . A sheaf F = {(FU , ǫU )} is an
OX -module, if FU is an OU -module for each e´tale morphism U → X .
It is easy to check that the category of sheaves over an algebraic space X is equivalent to the category
of pairs (FU , ǫU ), where U is a scheme and U → X is a surjective e´tale morphism. Such a surjective
e´tale morphism always exists by the definition of algebraic space. Under this definition, the category
of sheaves over X is independent of the choice of the surjective e´tale morphism U → X (see [Ols16,
§7]).
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A stack X : (Sch/S0)
op → Set is a functor with groupoid as fiber (fibered category) satisfying
the descent condition ([Ols16, §4.6]). A morphism of stacks f : X → Y is representable if for every
S-scheme T and morphism T → Y, the fiber product
X ×Y T
is an algebraic space. An algebraic stack X over scheme S0 is a stack satisfying the following conditions:
(1) The diagonal
∆ : X → X ×S0 X
is representable.
(2) There exists a smooth surjective morphism U → X with U a scheme.
Moreover, if there exists a e´tale surjection U → X , the algebraic stack X is a Deligne-Mumford stack.
2.2. Moduli Space of Twisted Hitchin Pairs over Deligne-Mumform Stack. In this section,
we give the definition of the moduli problem of twisted Hitchin pairs over Deligne-Mumford stack and
state the main result, Theorem 2.2 of this paper.
Let S be an algebraic space, which is locally of finite type over S0, where S0 is the spectrum of an
algebraically closed field as we defined in §2.1. Locally, the algebraic space S is a scheme of finite type
over Z with respect to the e´tale topology. Denote by (Sch/S)e´t the category of S-schemes with respect
to the e´tale topology. In other words, the objects in (Sch/S)e´t are e´tale morphism from schemes
to S. In the rest of the paper, we use the notation Sch/S instead of (Sch/S)e´t. Let X → S be a
separated, locally finitely-presented morphism from a Deligne-Mumford stack X to S. Let G be a
coherent OX -module. We define the functor
Q(G/X/S) := Quot(G,X , S) : (Sch/S)op → Set
as follows. For each S-scheme T , define XT as X ×S T and GT the pullback of G to XT . Define
Q(G/X/S)(T ) to be the set of OXT -module quotients GT → FT such that
(1) FT is a locally finitely-presneted quasi-coherent OXT -module;
(2) FT is flat over T ;
(3) the support of FT is proper over T .
The functor Q(G/X/S) is called the quotient functor.
Artin proved that the quotient functor Q(G/X/S) is represented by a separated and locally finitely-
presented algebraic space over S when X is an algebraic space [Art69]. Olsson and Starr generalized
this result to Deligne-Mumford stack [OS03].
Theorem 2.1 (Theorem 1.1 in [OS03]). With respect to the above notation, the functor Q(G/X/S) =
Quot(G,X , S) is represented by an algebraic space which is separated and locally finitely presented over
S.
Let F be a locally finitely-presented quasi-coherent OX -module in Q(G/X/S), and we fix a line
bundle (locally free sheaf with rank one) L over X , which is considered as the twisted bundle. An
L-twisted Higgs field Φ on the quasi-coherent sheaf F is a homomorphism
Φ : F → F ⊗ L.
An L-twisted Hitchin pair over X is a pair (F ,Φ), where F is a locally finitely-presented quasi-coherent
sheaf over X and Φ is an L-twisted Higgs field. We consider the following moduli problem (functor)
MX ,L,Higgs : (Sch/S)
op → Set
for L-twisted Hitchin pairs over X as follows. For each T ∈ Sch/S, define
MX ,L,Higgs(T ) = {(FT ,ΦT ) | FT ∈ Q(G/X/S)(T ),ΦT : FT → FT ⊗ p
∗
XL},
where pX : X ×S T → X is the natural projection.
Note that the definition of the moduli problem MX ,L,Higgs depends on the choice of the quotient
functor Q(G/X/S). But, this definition can be extended to the category, more precisely the stack, of
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coherent sheaves CohX over X . Nironi proved that a certain family of quotient functors form a smooth
open atlas of the coherent sheaves CohX [Nir09, §2]. Thus the moduli problem MX ,L,Higgs can be
naturally extended to the stack of coherent sheaves CohX over X . Based on this property, we neglect
the quotient functor in the definition of MX ,L,Higgs. Now we are ready to state the main theorem in
this paper.
Theorem 2.2. Let X → S be a separated, locally finitely-presented morphism from a Deligne-Mumford
stack X to an algebraic space S. Fix a line bundle L on X . The moduli problem MX ,L,Higgs is
represented by an algebraic space which is separated and locally finitely presented.
This theorem will be proved in the next section.
3. Proof of Theorem 2.2
3.1. Background and Overview of the Proof. We first review the deformation theory defined in
[Art69] and give the statement of Theorem 5.3 in [Art69], which is the key to prove Theorem 2.2.
Then, we go over some basic ideas of the proof of Theorem 2.1 that the quotient functor Q(G/X/S) is
represented by a separated and locally finitely presented algebraic space [OS03, Theorem 1.1]. Finally,
we give a brief overview of the proof of Theorem 2.2 at the end of this subsection.
Let S be an algebraic space. An infinitesimal extension of an OS-algebra A is a surjective map of
OS-algebras A
′ ։ A such that the kernel M = ker(A′ → A) is a finitely generated nilpotent ideal.
Let F be a contravariant functor from Sch/S to sets (moduli problem). Let A0 be a noetherian
OS-domain. We prefer to use the notation F (A0) instead of F (Spec A0). The deformation situation
is defined as a triple
(A′ → A→ A0,M, ξ)
where A′ → A → A0 is a diagram of infinitesimal extension, M = ker(A
′ → A) a finite A0-module
and ξ ∈ F (A0). Let ξ be an element in F (A0). As a contravariant functor (for S-schemes), we have a
natural map F (A)→ F (A0). Denote by Fξ(A) the set of elements in F (A) whose image is ξ ∈ F (A0).
The deformation theory we consider in this paper is described in [Art69, Definition 5.2]. A defor-
mation theory for F consists of the following data and conditions
(1) A functor associates to every triple (A0,M, ξ) an A0-module D = D(A0,M, ξ), and to every
map of triples (A0,M, ξ)→ (B0, N, η) an linear map D(A0,M, ξ)→ D(B0, N, η).
(2) For every deformation situation, there is an operation of the additive group of D(A0,M, ξ) on
Fξ(A
′) such that two elements are in the same orbit under the operation if and only if they
have the same image in Fξ(A), where Fξ(A
′) is the subset of F (A′) of elements whose image
in F (A0) is ξ.
Theorem 3.1 (Theorem 5.3 in [Art69]). Let F be a functor on (Sch/S)op. Given a deformation
theory for F , then F is represented by a separated and locally of finite type algebraic space over S, if
the following conditions hold:
(1) F is a sheaf for the fppf -topology and F is locally of finite presentatiion.
(2) (Inverse Limits) Let A¯ be a complete noetherian local OS-algebra with residue field of finite type
over S and let m be the maximal idea of A¯. Then the canonical map F (A¯)→ lim
←
F (A¯/mn) is
injective, and its image is dense in lim
←
F (A¯/mn).
(3) (Seperation)
(a) Let A0 be a geometric discrete valuation ring, which is a localization of a finite type OS-
algebra with residue field of finite type over OS. Let K, k be its fraction field and residue
field respectively. If ξ, η ∈ F (A0) induce the same element in F (K) and F (k), then ξ = η.
(b) Let A0 be an OS-integral domain of finite type. Let ξ, η ∈ F (A0). Suppose that there is
a dense set S in Spec(A0) such that ξ = η in F (k(s)) for all s ∈ S. Then ξ = η on a
non-empty open subset of Spec(A0).
(4) (Deformation)
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(a) The module D = D(A0,M, ξ) commutes with localization in A0 and is a finite module
when M is free of rank one.
(b) The module operates freely on Fξ(A
′) when M is of length one.
(c) Let A0 be an OS-integral domain of finite type. There is a non-empty open set U of
Spec(A0) such that for every closed point s ∈ U , we have
D ⊗A0 k(s) = D(k,M ⊗A0 k(s), ξs)
.
(5) (Obstruction) Suppose we have a deformation situation (A′ → A→ A0,M, ξ).
(a) Let A0 be of finite type and M of length one. Let
B′ B A0
A′ A A0
be a diagram of infinitesimal extensions of A0 with B
′ = A′ ×A B. If b ∈ F (B) is an
element lying over ξ whose image a ∈ F (A) can be lifted to F (A′), then b can be lifted to
F (B′).
(b) A0 is a geometric discrete valuation ring with fraction field K and M free of rank one.
Denote by AK , A
′
K the localizations of A,A
′ respectively. If the image of ξ in F (AK) can
be lifted to F (A′K), then its image in F (A0 ×K AK) can be lifted to F (A0 ×K A
′
K).
(c) With the same notation in 5(b). Let M be a free module of rank n and ξ ∈ F (A).
Suppose that for every one-dimensional quotient M∗K of MK the lifting of ξK to F (A
∗
K) is
obstructed, where A′K → A
∗
K → AK is the extension determined by M
∗
K. Then there is a
non-empty open set U of Spec(A0) such that for every quotient ǫ :M →M
∗ of length one
with support in U , the lifting of ξ to F (A∗) is obstructed, where A′ → A∗ → A denotes
the resulting extension.
Olsson and Starr used Theorem 3.1 to prove that the quotient functor Q(G/X/S) is represented
by a separated and locally finitely presented algebraic space. In other words, the quotient functor
Q(G/X/S) satisfies conditions (1) to (5) in Theorem 3.1.
Now we go back to the moduli problem for L-twisted Higgs bundle MX ,L,Higgs. In this section, we
useM :=MX ,L,Higgs to simplify the notation for the moduli problem we are interested in. Note that
the problem of representability of M is e´tale local on S. Therefore we may assume that S is an affine
scheme and of finite type over Spec(Z) as we explained at the beginning of §2.2. It is easy to check
that the functor M satisfies the first condition. We will prove conditions (2) and (3) in §3.2. The
deformation and obstruction theory will be discussed in §3.3. Condition (4) will be proved in §3.3.1
by constructing a well-defined deformation theory for M. The obstruction property will be discussed
in §3.3.2.
3.2. Inverse Limit and Separation. We prove the inverse limit condition and separation condition
in this subsection. Olsson and Starr proved that the quotient functor Q(G/X/S) is represented by
pa separated, locally finitely-presented algebraic space over S [OS03, Theorem 1.1]. In other words,
the functor Q(G/X/S) preserves the inverse limit and satisfies the separation condition. We use these
properties of the quotient functor Q(G/X/S) to prove the properties of inverse limit and separation
of the functor M.
To prove a functor F satisfying the inverse limit condition, we have to prove that the map F (A¯)→
lim
←
F (A¯/mn) is injective and for any (ξn) ∈ lim
←
F (A¯/mn) there is an element ξ′ ∈ F (A¯) which induces
ξ1 ∈ F (A¯/m
2). Let Xˆ = lim(X ⊗A A/m
n). There is a natural morphism j : Xˆ → X . This morphism
induces the following map
j : Q(G/X/S)(A¯)→ lim
←
Q(G/X/S)(A¯/mn), F → j∗F .
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This map is injective and has a dense image by [OS03, Theorem 1.1]. In other words, let (Fn)
be an element in lim
←
Q(G/X/S)(A¯/mn). There is an element F ′ ∈ Q(G/X/S)(A¯) such that F ′ in-
duces F1 ∈ Q(G/X/S)(A¯/m
2). The same argument holds for the sheaf End(F). Given an element
End(Fn) ∈ lim
←
Q(G/X/S)(A¯/mn), there is an element End(F ′) ∈ Q(G/X/S)(A¯) such that End(F ′)
induces End(F1) ∈ Q(G/X/S)(A¯/m
2). Note that the morphism j : Xˆ → X also induces the following
map
j :M(A¯)→ lim
←
M(A¯/mn), (F ,Φ)→ (j∗F , j∗Φ),
where F ∈ Q(G/X/S)(A¯) and Φ ∈ End(F) ⊗ L. The map j is clearly injective. Given any element
((Fn,Φn))n≥1 ∈ lim←
M(A¯/mn), where Fn ∈ Q(G/X/S)(A¯/m
n) and Φn ∈ End(Fn) ⊗ L, there exists
F ′ ∈ Q(G/X/S)(A¯) such that F ′ induces F1. Thus we can find an element Φ
′ ∈ End(F ′) ⊗ L such
that Φ′ induces Φ1. Therefore the map j :M(A¯)→ lim
←
M(A¯/mn) has a dense image and the functor
M satisfies the inverse limit condition.
Now we are going to prove the separation property. With the same notations as in Theorem 3.1
(3), let ξ = (Fξ,Φξ) and η = (Fη,Φη) be two elements inM(A0) inducing the same element inM(K)
and M(k). By Theorem 2.1, the quotient functor Q(G/X/S) satisfies the separation condition. Thus
we have Fξ = Fη, which also implies that End(Fξ)⊗L = End(Fη)⊗L. Therefore we have ξ = η. The
same argument works for the condition (3b). This finishes the proof of the separation condition.
3.3. Deformation and Obstruction Theory. With respect to the same notation as in §3.1, let
ξ = (F ,Φ) ∈ M(A0). The key object we will study in §3.3 about the deformation and obstruction
theory is Mξ(A0[M ]), where Mξ(A0[M ]) is the set of elements in M(A0[M ]) whose restriction to A0
is ξ. The multiplication of the ring A0[M ] is defined as
(a,m)(a′,m′) = (aa′, am′ + a′m).
Clearly, M is a nilpotent ideal in A0[M ].
Note that the conditions of the deformation theory and obstruction theory ((4) and (5) in Theorem
3.1) are local property on both X and S. Thus we can take a local chart UX → X of X and a local
chart US → S of S, where UX and US are schemes. We have the following diagram
UX ×S US X ×S US US
UX X S
Thus we work on the separated and locally finitely-presented morphism UX ×S US → US locally. By
the definition of Deligne-Mumford stack, UX ×S US is an algebraic space. Thus we may assume that S
is an affine scheme and X is an algebraic space when we do the deformation (§3.3.1) and obstruction
theory (§3.3.2).
At the end of the setup of the deformation and obstruction theory, we review the statement of the
well-known five lemma, which will be used frequently in this subsection.
Lemma 3.2 (Five Lemma). Assume that all objects below are in an abelian category.
A B C D E
A′ B′ C′ D′ E′
a b c d e
If the rows are exact, b and d are isomorphisms, a is an epimorphism and e is a monomorphism, then
c is an isomorphism.
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3.3.1. Deformation Theory. By the definition of the deformation theory in §3.1, we have to construct
an A0-module D(A0,M, ξ) for each triple (A0,M, ξ), where ξ ∈ M(A0). In this section, we calculate
the A0-module Mξ(A0[M ]) and prove that this module is the correct deformation theory for M.
Biswas and Ramanan calculated the infinitesimal deformation theory forM, i.e. Mξ(C[ε]), ξ ∈M(C)
[BR94]. We generalize their approach to the deformation theory in this paper.
Let us consider a special case first. Let A′ = A0[M ] := A0⊕M . Let (F ,Φ) be an element inM(A0).
Define F ′ = F ×Spec A0 Spec A
′. Abusing the notation, we consider F ′ as F ⊕ F [M ]. For a section s
of End(F) ⊗M , the corresponding automorphism of F ′ is denoted by 1 + s. Moreover, if v + w is a
section of End(F ′) ⊗ L′, where L′ is the pull-back of L under the projection Spec A′ → Spec A0, we
have
ρ(1 + s)(v + w) = v + w + ρ(s)(v),
where ρ is the natural action of End(F) on itself. The deformation complex C•M (F ,Φ) is defined as
follows
C•M (F ,Φ) : C
0
M (F) = End(F)⊗M
e(Φ)
−−−→ C1M (F) = End(F)⊗ L⊗M,
where the map e(Φ) is given by
e(Φ)(s) = −ρ(s)(Φ).
If there is no ambiguity, we omit the notations M , F , Φ and use the following notation
C• : C0 = End(F)⊗M
e(Φ)
−−−→ C1 = End(F)⊗ L⊗M
for the deformation complex.
Now we are ready to calculateMξ(A0[M ]). The following proposition is a generalization of Theorem
2.3 in [BR94].
Proposition 3.3. Let ξ = (F ,Φ) be an L-twisted Hitchin pair in M(A0). The set Mξ(A0[M ]) is
isomorphic to the hypercohomology group H1(C•), where C• is the complex
C• : C0 = End(F)⊗M
e(Φ)
−−−→ C1 = End(F)⊗ L⊗M,
where e(Φ)(s) = −ρ(s)(Φ) is defined as above.
Proof. Let U = {Ui = Spec(Ai)} be an e´tale covering of X by open affine schemes. The covering
U of X also gives an e´tale covering {Ui × Spec(A0)} of X × Spec(A0). To be precise, the product
Ui × Spec(A0) is taken over S, i.e. Ui ×S Spec(A0). We omit the base scheme S to simplify the
notation. Define Ui[M ] = Ui × Spec(A0[M ]). Set
End(F)⊗M |Ui[M ] = C
0
i , End(F)⊗ L⊗M |Ui[M ] = C
1
i ,
where C0i and C
1
i are A0-modules. Similarly, modules C
0
ij (resp. C
1
ij) are resctrictions of C
0 (resp.
C1) to Uij = Ui
⋂
Uj. We consider the following Cˆech resolution of C
•:
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0 0
0 C0 C1 0
0
∑
C0i
∑
C1i 0
0
∑
C0ij
∑
C1ij 0
...
...
e(Φ)
d0
0
d1
0
e(Φ)
d0
1
d1
1
e(Φ)
d0
2
d1
2
We calculate the first hypercohomology H1(C•) from the above diagram. Let Z be the set of pairs
(sij , ti), where sij ∈ C
0
ij and ti ∈ C
1
i satisfying the following conditions:
(1) sij + sjk = sik as elements of C
0
ijk .
(2) ti − tj = e(Φ)(sij) as elements of C
1
ij .
Let B be the subset of Z consisting of elements (si − sj , e(Φ)(si)), where si ∈ C
0
i . Clearly, H
1(C•) =
Z/B.
Given an element (sij , ti) ∈ Z, we shall construct a L-twisted Higgs bundle (F
′,Φ′) on X ×
Spec(A0[M ]) such that F
′|X×Spec(A0)
∼= F and Φ′|X×Spec(A0)
∼= Φ.
For each Ui[M ], there is a natural projection π : Ui[M ] → Ui × Spec(A0). Take the sheaf F
′
i =
π∗(F|Ui×Spec(A0)). By the first condition of Z, we can identify the restrictions of F
′
i and F
′
j to
Uij [M ] by the isomorphism 1 + sij of F
′
ij . Therefore we get a well-defined quasi-coherent sheaf F
′ on
X ⊗ Spec(A0[M ]).
On each affine set Ui[M ], we have Φi + ti : End(F
′
i)⊗ L
′. It is easy to check
e(Φi + ti)(1 + sij) = Φj + tj
by the second condition of Z. Therefore {Φi+ti} can be glued together to give a global homomorphism
Φ′ : F ′ → F ′ ⊗ L′. For the element (sij , ti) in Z, we construct an element (F
′,Φ′) in Mξ(A0[M ]).
Let (sij , ti) be an element in B. In other words, sij = si − sj and ti = e(Φ)(si). The identification
of F ′i
∼= F ′j on Uij [M ] is given by the isomorphism
1 + sij = 1 + (si − sj).
Consider the following diagram
F ′ij F
′
ij
F ′ij F
′
ij
1+sij
1+si
Id
1+sj
The commutativity of the above diagram implies that E′ is trivial. Similarly, we have
e(Φi + ti)(1 + si) = Φi.
Therefore the associated Hitchin pair (F ′,Φ′) is isomorphic to (π∗F , π∗Φ).
The above construction gives us a well-defined map from H1(C•) to Mξ(A0[M ]).
Now we have to construct the inverse map fromMξ(A0[M ]) to H
1(C•). Let (F ′,Φ′) ∈Mξ(A0[M ])
be a L-twisted Hitchin pairs over X × Spec(A0[M ]) such that (F
′|X×Spec(A0),Φ
′|X×Spec(A0)) = ξ =
(F ,Φ). We still use the covering {Ui[M ]} of X × Spec(A0[M ]) to work on this problem locally.
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Clearly, F ′i = F
′|Ui[M ] is the pull-back of F|X×Spec(A0). We obtain F
′ by gluing F ′i together.
Thus the autormorphism 1 + sij of F
′
ij over the intersection Uij [M ] should satisfy the condition
sij + sjk = sik on Uijk[M ]. Similarly, Φ
′ is given by Φi + ti locally, where Φi ∈ End(F) ⊗ L|Ui and
ti ∈ End(F)⊗ L⊗M |Ui[M ]. By the compatbility condition of Φi + ti on Uij [M ], we have
e(Φi + ti)(1 + sij) = Φj + tj ,
which gives us e(Φ)(sij) = ti − tj . Therefore, (sij , ti) ∈ Z.
The above discussion gives us a map from Mξ(A0[M ]) to H
1(C•). It is easy to check that these
two maps are inverse to each other. We finish the proof of this proposition. 
Corollary 3.4. We have the following long exact sequence
0→ H0(C•)→ H0(X , C0)→ H0(X , C1)
→ H1(C•)→ H1(X , C0)→ H1(X , C1)→ H2(C•)→ . . . .
Proof. This long exact sequence follows directly from the definition of hypercohomology (see [BR94]).

Corollary 3.5. Let 0 → M1 → M2 → M3 → 0 be a short exact sequence for finitely generated
A0-modules. We have a long exact sequence for hypercohomology
· · · → Hi(C•M1)→ H
i(C•M2)→ H
i(C•M3)→ H
i+1(C•M1 )→ . . . .
Now we are ready to check the conditions on the deformation theoryD = D(A0,M, ξ) =Mξ(A0[M ])
(condition (4) in Theorem 3.1).
Note that the cohomology Hi(X , Cj) commutes with localization in A0. Applying the well-known
five lemma to the long exact sequence in Corollary 3.4, the module Mξ(A0[M ]) ∼= H
1(C•) also
commutes with localization. Now let M be a free A0-module of rank one. We use the notation
A0[ε] := A0[M ], if M is a free module with rank one. By the finiteness theorem of cohomology over
algebraic spaces [Ols16, §7.5], the modules Hi(X , Cj) are finitely generated for 0 ≤ i, j ≤ 1. Thus
Mξ(A0[ε]) is a finitely generated module by the long exact sequence in Corollary 3.4.
For condition (4b), it is enough to check the case A = A0 and A
′ = A0[M ]. In other words, we have
to define an action D = Mξ(A0[M ]) on itself and show that this action is free. By Proposition 3.3,
we know that
Mξ(A0[M ]) ∼= H
1(C•) = Z/B,
where Z is the set of pairs (sij , ti), where sij ∈ C
0
ij and ti ∈ C
1
i satisfying the following conditions
(1) sij + sjk = sik as elements of C
0
ijk ;
(2) ti − tj = e(Φ)(sij) as elements of C
1
ij ,
and B is the subset of Z consisting of elements (si − sj , e(Φ)(si)), where si ∈ C
0
i . There is a natural
action of Z on itself
(s′ij , t
′
i)(sij , ti) := (s
′
ij + sij , t
′
i + ti),
where (s′ij , t
′
i), (sij , ti) ∈ Z. This action can be naturally extended to a well-defined action of Z/B on
itself. Thus we define an action D =Mξ(A0[M ]) on itself. It is easy to check this action is free.
Now we will discuss the condition (4c). Note that the condition of (4c) is a local property. We may
assume that X is an algebraic space and S is an affine scheme as we mentioned as the beginning of
§3.3. To prove (4c), we need the following lemma.
Lemma 3.6 (Lemma 6.8, 6.9 in [Art69]). Let X be an algebraic space of finite type over an affine
scheme S = Spec B, where B is an integral domain. Let F , G be two coherent sheaves on X . Then
there is a non-empty open set S′ of S such that for each s ∈ S′, the canonical map is an isomorphism
ExtqX(F ,G)s
∼=
−→ ExtqXs(Fs,Gs), q ≥ 0,
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and
Hq(X ,F) ⊗A0 k(s)
∼=
−→ Hq(Xs,Fs), q ≥ 0.
By the above lemma, we can find a non-empty open set S′ such that
ExtqX (F ,G)s
∼=
−→ ExtqXs(Fs,Gs),
and
Hi(X , Cj)s ∼= H
i(Xs, C
j
s ), i ≥ 0, j = 1, 2,
for s ∈ S′. Thus we have
H
1(C•)s ∼= H
1(C•s )
by applying five lemma to the long exact sequence in Lemma 3.4, where C•s is the restriction of the
complex C• to the point s. We finish the proof of the condition (4c).
3.3.2. Obstruction. Fix a deformation situation (A′ → A → A0,M, ξ), where M is a free A0-module
of rank n. For any quotient ǫ :M →M∗, let A′ → A∗ be the quotient of A′ defined by M∗.
M ′ A′ A
M∗ A∗ A
ǫ
We can define the deformation situation (A∗ → A→ A0,M
∗, ξ). For any element (F∗,Φ∗) ∈Mξ(A
∗),
we want to lift it to a well-defined element in Mξ(A
′). We claim that the obstruction for this lifting
comes from the vanishing of the second hypercohomology group H2(C•kerǫ). By Corollary 3.5, there is
a long exact sequence for the hypercohomology groups
· · · → H1(C•kerǫ)→ H
1(C•M )→ H
1(C•M∗)→ H
2(C•kerǫ)→ . . . .
Such a lifting exists if and only if the morphism H1(C•M )→ H
1(C•M∗) is surjective. Thus the vanishing
of the second hypercohomology H2(C•kerǫ) is necessary and sufficient for the existence of the lifting.
For (5a), we have to show that there exists a lifting (FB′ ,ΦB′) of (FB ,ΦB) with respect to the lifting
(FA′ ,ΦA′) of (FA,ΦA), where B
′ = B×A A
′. If we forget the morphism part Φ and only consider the
coherent sheaf F , such a lifting FB′ exists by [Art69, OS03]. More generally, the map
Q(B′)→ Q(A′)×Q(A) Q(B)
is bijective, whereQ(A) := Q(GA/XA/S) and so areQ(A
′) andQ(B) [OS03]. We do the same argument
for End(F). The lifting End(FB′) of End(FB) exists by the same reason. Thus the lifting ΦB′ of ΦB
also exists.
The proof of (5b) is similar to [Art69, (5b’) page 65]. There is an inclusion map i : XA′
K
→ XA0×KA′K ,
which induces the isomorphism
Extq
A′
K
(i∗F1,F2) ∼= Ext
q
A0×KA
′
K
(F1, i∗F2), q ≥ 0,
for coherent sheaves F1 and F2. Then we have H
q
A′
K
(X ,F) ∼= H
q
A0×KA
′
K
(X ,F) for coherent sheaf F .
Thus we have H2A′
K
(C•MK )
∼= H2A0×KA′K
(C•M ) by applying five lemma to the long exact sequence in
Corollary 3.4. It follows that the obstruction to lift element to M(A0×K A
′
K) and to M(A
′
K) are the
same.
The proof of (5c) is similar to that of (4c). The difference is that (4c) is working on the deformation
H1(C•), while (5c) is working on the obstruction H2(C•). We use the same notation as in the statement
of (5c). Let ξ ∈ M(A). Suppost that for every one-dimensional quotient MK → M
∗
K , there is a non-
trivial obstruction to lift ξK ∈ M(AK) to M(A
∗
K), where A
∗
K is the extension defined by M
∗
K . We
have to prove that there exists an open subset S′ ⊆ S such that ξ cannot be lifted to M(A∗).
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By the discussion at the beginning of §3.3.2, we know that the vanishing of the second hyperco-
homology H2(C•N ) is necessary and sufficient for the lifting of ξ ∈ M(A) in M(A
∗), where N is any
submodule of M . Thus we have to show
H
2(C•N )s
∼= H2((C•N )s).
This isomorphism implies that there is a non-trivial obstruction to lift ξK toM(A
∗
K) if and only there
exists a non-trivial obstruction to lift ξ to M(A∗). By Lemma 3.6, we can choose an open set S′ of S
such that
ExtqXs((F1)s, (F2)s)
∼= Ext
q
X (F1,F2)s
for s ∈ S′. By the spectral sequence relating local and global Ext functor, we have
ExtqXs((F1)s, (F2)s)
∼= Ext
q
X (F1,F2)s
for s ∈ S′. Taking F1 = OX and F2 = C
0, we have
Hq(X , C0N )s
∼= Hq(Xs, (C
0
N )s),
for s ∈ S′. Similarly, we have Hq(X , C1N )s
∼= Hq(Xs, (C
1
N )s). Thus the isomorphism H
2(C•N )s
∼=
H2((C•N )s) holds. This finishes the proof of (5c).
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